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&vmig#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f(s) ≤ t ⇐⇒ s ≤ f ](t) . S JT
d.ehg#
f
}tm|xhDt~}uz&vxhDI}©ªw½)yWSy©r}©ªw½1ª·|§
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|xh*gihvxh K ¨Et~h0gi}g=uuz©h]t0½By}©ª A ∈ L(X ,Y) }t|xhDt~}z&vxhD1½uvxeh0y L(X ,Y) yb
L(X ,Z) |~hgihvxh K ¨Et~h0gi}gisz©h]t§yvxeh:g# LA : L(X ,Y) → L(X ,Z) ½ B 7→ A ◦ B ½}t.|xhDt~}uzb&v~h]y¸¼h*t~hv
A\C := (LA)](C)
½ª·|©
C ∈ L(X ,Z) ¶¿Eª
X
y
Y
|~hvw¸ Vt~hvt0½ K }t³Vgihvxh}uhDgibv~h0yZvt~h0gi}|~}y½ y a ∈ KX×Y ½ ¸¼h0ytv~|xzv6vxeh}©yh]|5Bh0|&vx|
A
ª·|xg KY vx KX ¸e}eitxt~s0}v~h]t)vx
ysr u ∈ KY v~eh ª·zyb,v~}y
Au ∈ KX tzeÄv~ev Au(x) = ∨y∈Y a(x, y)u(y) ¶ ¦ h#t~Qrvxe&v A }t¾vxeh J	 
"X	 3"¾¸}±vxe	 
SS| 3 	
a
¶ ¦ h§te©´ªÕv~h0yzt~havxeh
t~gihayvx&vx}©Sy
A
ª·| vxehmSbhD|xv~S| y#vxeh§®h0|xyhDÀ¶
 t.}t¸¼hD©1®sy&¸y S t~h0h§ª·S|}©ytvxyh+* , PÃCB¾S6.!T,½uvxeh
®hD|~yhD´Bh0|&v~S| A }t|xhDt~}uz&vxhD1½uy
(A\v)(y) = ∧
x∈X
A(x, y)\v(x) .
ÓÓ(Û3Vì,îíXW
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 4"3
¿­y|vx}0z|]½Z¸eh0y K = Rmax ½¸ h§eQ«h
(A\v)(y) = inf
x∈X
(−A(x, y) + v(x)) = [−A∗(−v)](y) , S  T
¸eh0|xh
A∗
uhDyvxhDtivxehB 3 "C
 $ " #	   "$ KX → KY ½.¸e}e }t³St~t~u}&v~h]`vx<v~ehW®Sh0|xyh0
A∗(y, x) = A(x, y)
¶ S ¿­y S  T,½¸¼h§zt~h§v~eh*0ys«hDyZv~}y³vxe&v +∞ }tµt~|xµ}yª·|u}±vx}©SyK¶ T
	
 	  ,$   ,)   $%&%.(
Â)hv K µbhWVSgi©h0v~h}uh0giBv~hDyZvthDgi}©|x}©y<y V h0yv~hW  "3 
    

 "%$3Miª¾0gihvxhthDg=}giuuzh X ½} ¶ h¶S
t~zµt~hv°ª X vxe&v°}tNtvxµhµZr=|xµ}©v~||xr*tzbt°yiµsr:v~ehaS,vx}©Syª6tx0|xtD¶ ¦ h*0©  "3U 3M' "
 
 "$.y V v~eh
g#
PV : X → X , u 7→ PV(u) = max{v ∈ V | v ≤ u} . S T
Â)hv
W
uhDyvxh=@
	   C&+3  =ª¼gihvxh=t~zµt~h0gi}gisz©h V ½1¸e}e gihDybtvxe&v*ysrhD©hDgih0yZv
v ∈ V Dyµbh
¸|x}±v~v~hDySt v = ∨{wλw | w ∈W} ½sª·|t~gih λw ∈ K ¶/¿Ev}t.®Zy&¸yvxe&v
PV(u) = ∨
w∈W
w(w\u)
S thDh¾ª·|}ytwvy0h * P.¬7B¾/.T¶°¿Eª B : U → X }ti|xhDt~}uzb&v~h]}yhD| SbhD|xv~S|D½Zv~eh0y¸eh0y U y
X |~h*0gihvxh*thDg=}giuuzhDt&«Sh0| K ½vxeh*}gih imB ª B }tm#gihvxh*tzµthDgi}©giuuzh*ª
X ½y
PimB = B ◦B] . S T
d.ehgis¨ zt5¯by}±vxhahD©hDg=hDyZv°g=h0v~eutN|~hD©}hDt°y=v~ehayvx}©Sy#ª´|~whDv~}yiy#yi}g#hS½|x©h0
vx#i®h0|xyhDÀ½u¸e}e¸ St.}©yZv~|xuuz0hDµsr P¼ehDyK½uvxeh*th]Syzuv~e|]½y3Bmz|xvD½u}y * P.¬7B¾. ¶
d.ehNª·S©&¸}©yavxeh0S|~hDg½&ªb¸e}e:N|~SbZt}©v~}y=aµBh0&¸`}t/y:}gigihDu}&vxh.0|x|~rS½D}t/m«Q|~}&vx}©Sy
Syvxeh
|xhDt~z±vt.ª* P.¬7B¾Ss½bpsh],v~}y.E¶
:< ÊsÎ ¢ Ê 
 '	 / ¢ Î7]Ê ¤¡4, Î * Î * £ * , 
`£ G Ê 56£¢Q£   Ê ¡ Î £  Ê ¢ * Ê 
  
 U  X 3$ Y   "  + 
+ "%$3M  "$C	 K   
 B : U → X 3$ C : X → Y    "  + 1$ 3 $   " #	   "$  "$C	 K   + ΠCB = B ◦ (C ◦B)] ◦C   #$C ΠCB = ΠB ◦ΠC  #	  ΠB = B ◦B] $
ΠC = C] ◦ C  "$  "3#  ΠCB   ' "
 
 "$   3U  !#3 (ΠCB)2 = ΠCB 3$%&+"$ 3
x ∈ X 
ΠCB(x) = max{y ∈ imB | Cy ≤ Cx} .
 "4" &  d.eh.¯|xtvNtxt~h0|~v~}yª·©&¸t6ª·|xg (C ◦B)] = B] ◦C] ¶5Æ|°v~ehat~hD0y=txt~h0|~v~}yK½¸ heQ«Sh
(ΠCB)
2 =
(
B ◦ (C ◦B)] ◦ C
)
◦
(
B ◦ (C ◦B)] ◦ C
)
= B ◦ (C ◦B)] ◦ C (using S KT )
= ΠCB .
Ñ·Ò6ÓKÑÕÔ
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di|x&«hmv~eh
tvtxthD|vx}©SyK½s¸¼h§zt~h§v~ev
ΠB = PimB
y S JT½¸ h§hDuz0hÁ
ΠCB(x) = PimB ◦ C] ◦ C(x)
= max{y ∈ imB | y ≤ C] ◦ C(x)}
= max{y ∈ imB | Cy ≤ Cx} .
d.ehI|xhDt~z©vxt#ª%* P.¬7B¾.¾e|v~h0|x}²0hv~ehWh0u}tv~hDyhIyb^zy}ZzhDyhDtxtD½Nª·S|
x ∈ X ½¼ª
y ∈ imB t~zev~ev Cy = Cx ¶/¿­yv~eva0t~h½ y = ΠCB(x)
¶
¦ ehDy K = Rmax ½ y C : RXmax → RYmax }ti ®h0|xyhD¼SbhD|xv~|]½ ΠC = C] ◦ C et=y}yZv~hD|~|xhv&vx}©Syt~}©gi}|.v~ S KT,Á
ΠC(v) = C] ◦ C(v) = −PimC∗(−v) = P−imC
∗
(v) ,
¸eh0|xh −imC∗ }t/vxezSeZvNªKtN Rmin ¨Et~zµt~h0gi}g=uuz©hª RXmin
yb
PV
uh0yv~h]t5v~ehm|xwhDv~S|
Sy
Rmin
¨­thDg=}giuuzh V ½t~=v~evD½
P−imC
∗
(v) = min{w ∈ −imC∗ | w ≥ v} ,
¸eh0|xh ≤ uh0yv~h]t:eh0|xh³v~ehzt~z¼S|xuhD|*y RX ¶ ¦ ehDy B : RUmax → RXmax
}tt~ÄW®Sh0|xyh0
SbhD|xv~S|D½s¸ h¾ebQ«h
ΠCB = PimB ◦ P−imC
∗
.
d.e}t6ª S,v~S|~}²Dv~}y¸}©µBh}©ytv~|xzgih0yZvu}yvxeh.hDgihvx|~}0Z}yZv~hD|~|xhv&vx}©Syªv~eh.¯y}©v~hh0h0gihDySv
©S|x}±vxeg¶
I =K£ 
B5  Ê .  ¦ hvx®h
U = {1, · · · , p} ½ X = R y Y = {1, · · · , q} ¶ P¼Syt}uhD|*v~eh}©yh]|SbhD|xv~S|xt
B : R
U
max → R
X
max
y
C : R
X
max → R
Y
max
t~zev~ev
Bλ(x) = sup
1≤i≤p
{− c
2
(x− x̂i)2 + λi},
ª·|
λ ∈ RUmax ,
y
(Cf)i = sup
x∈R
{−a|x− ŷi| + f(x)},
ª·|
f ∈ RXmax .
d.eh
}©g#Shmª
B
½
imB
½}t.vxeh*t~h0gi}©giuuzh
hDyh0|&vxhD}©yv~eh
gis¨ ztt~h0yt~h§µsr³v~eh§ª·zy,vx}©Syt
x 7→ − c2 (x− x̂i)2
½ª·|
i = 1, · · · , p ¶ ¦ h
eQ«Sh
C]µ(x) = inf
1≤i≤q
{a|x− ŷi| + µi},
ª·|©
µ ∈ RYmax ,
y v~ehI}g#hª
C]
½.¸e}e S}©y0}hDti¸}©v~e −imC∗ ½¼}tiv~ehWthDg=}giuuzhIh0yh0|&v~h] }y v~ehgi}yu¨E©zbtthDyth
µsr#vxeh§ª·zyv~}yt
x 7→ a|x− ŷi|
½uª·S|
i = 1, · · · , q ¶¿­y`¯z|xhWÈ S T½/¸¼h|~hD|xhDt~h0yZvª·zyb,v~}y v y4}©vxt=|xwh],v~}y P−imC∗(v) S }©y`µBT¶ ¿­y ¯¨z|~hiÈ S µUT,½¸¼h§|xh0|xhDt~h0yZv S }yµBT¼vxeh
|xwhDv~}y PimB(P−imC∗(v)) = ΠCB(v) ¶
ÓÓ(Û3Vì,îíXW
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ŷ2 ŷ3 ŷ4 ŷ5
v
ŷ1
P−im C
∗
(v)
öáø
ŷ2 ŷ4 ŷ5
x̂3 x̂4 x̂5x̂2x̂1 x̂6
ŷ1 ŷ3
ΠCB(v) v
ö ø
Æ6}z|xhiÈÁ5Ç/gih
}©ztv~|&v~}yig#&s¨E©zbtygi}©yu¨Ezt|xwh],vx|t
   
	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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¦ hy&¸uh]t~0|~}µBhvxehgis¨ zt¯y}©v~hIhD©hDgih0yZv=gih0v~eu^v~VtS©«ShN|~Sµ©hDg S ÈCT,¶¹ÂKhv V µBh0gihvxh§t~h0gi}gisz©h§ªª·zyb,v~}ybt ª·|~Sg
X
vx
Rmax
¶/ÂKh0v
St : V → V y vt µBh§h¯yh]t.}yvxeh
}ySvx|~uuzb,v~}y)¶5kmt}yivxeh
thDg=}|xz|xBh0|~vwr
St+t
′
= St ◦ St′ ½uª·S| t, t′ > 0 ½u¸ h¾Shv]Á
vt+δ = Sδvt, t = 0, δ, · · · , T − δ S È]T
¸}©v~e
v0 = φ
y
δ = T
N
½6ª·|:t~gih³BSt~}©v~}«h³}yZv~h0Sh0|
N
¶WÂKhv W ⊂ V µBhI0gihv~h Rmax ¨t~h0gi}gisz©hª.ª·zyv~}yt:ª·|xg
X
v~
Rmax
tzbe4v~ev:ª·S|
t ≥ 0 ½ vt ∈ W ¶ ¦ hesZth³
 ~uz :t~h0gi}g=uuz©h Z ª  ­vxhDtvmª·zy,vx}©Syt*ª·|xg X vx Rmax ¶§hD0©v~eb&v¾v~eh=g#&s¨ ©zt	 3$' "%$3
K}th¯yh]µZr
〈u | v〉 = sup
x∈X
u(x) + v(x) ,
ª·S|´ª·zyv~}yt
u, v : X → Rmax
¶ ¦ h
|~hDSh S È]T¼µsrBÁ
〈z | vt+δ〉 = 〈z | Sδvt〉, ∀z ∈ Z , S ÈSÈ%T
ª·S|
t = 0, δ, . . . , T − δ ½5¸}©v~e vδ , . . . , vT ∈ W ¶WÇ¼Szb&v~}y S ÈSÈ4T*Dy4µBht~h0h0y`St
vxehySzhª: 3 1  1" 3.S|) 60&+"$  M3 1"3¶ Dm®S©vxt~&« yb lWSt&«^zbth]¹v~e}tª·|xg:z&vx}©Sy }y
* D
lWS.my * D
lWZs½.psh],vx}©Sy¹¶ .v~`uh0¯yhW<yv~}y¹ª§hDyh0|}©²DhD^tS©zuvx}©Sy^ª§Åmgi}±vxyu¨
ÐZ0µ}´h]Szb&v~}ybt0¶
Ñ·Ò6ÓKÑÕÔ
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¦ hISyt}uhD|iVt~h0gi}g=uuz©h Wh ⊂ W h0yh0|&v~h]`µsr4vxehª gi}©r {wi}1≤i≤p ¶ ¦ hW0 U 


 °vxeh§ª·zyv~}yt
wi
¶ ¦ h*|xQu}©g#&vxh
vt
µsr
vth ∈ Wh
½v~ev}tDÁ
vt ' vth = ∨
1≤i≤p
wiλ
t
i ,
¸eh0|xh
λti ∈ Rmax
¶ ¦ ht§Syt}uhD|5¾t~h0gi}©giuuzh Zh ⊂ Z ¸}©v~e=hDyh0|&vx}©yaª g=}r {zj}1≤j≤q ¶d.ehmª·zy,vx}©Syt
z1, · · · , zq
¸})vSt v~h]twvª·zyb,v~}ybt0¶ ¦ h
|~hDh S ÈÈ4T µsr
〈z | vt+δh 〉 = 〈z | Sδvth〉, ∀z ∈ Zh , S È]JTª·S|
t = 0, δ, . . . , T − δ ½´¸}©v~e vδh, . . . , vTh ∈ Wh
¶§d.eh:ª·zy,vx}©Sy
v0h
}t¾³S}©«Sh0yW|xQs}g#&vx}©Syª
φ
¶Nps}y0h Zh }t.Sh0yhD|xv~h]µsr z1, . . . , zq ½ S È] T }th]Sz}©«&h0yZv.v~
〈zj | vt+δh 〉 = 〈zj | Sδvth〉, ∀1 ≤ j ≤ q , S ÈDTª·S|
t = 0, δ, · · · , T − δ ½¸}©v~e vth ∈ Wh
½
t = 0, δ, · · · , T ¶ps}y0hÇNZzv~}y S ÈDKT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KT¦ hmt~§vx®h.ª·S|°v~ehm|~Qu}g#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  !# 
vth = Whλ
t

t = 0, δ, · · · , T  MX) 38X $J
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T
¸eh0|xh
S∗
}tav~eh  3 "C
 $ 
+ >$X"3%Iª
S
½B¸e}eW}tav~ehhD«zuvx}©SyWthDg=}|xz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QrhD|D½s}t −(Mh)ji + (Kh)jk ¶
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Á
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 ' ¿wuhD1g#&s¨ ©zt ¯by}±vxh
h0h0gih0yZvgihvxeu
ê  P¼esSt~h.v~eh¯by}±vxhh0h0gihDySvt (wi)1≤i≤p yb (zj)1≤j≤q ¶ P¼esSt~h.v~ehvx}©giha}tx|xhvx}©²]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yv~eh
gi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y v0h = Whλ0 ¶W  Æ| t = δ, 2δ, . . . , T ½Sgizuv~h λt = Mh\(Khλt−δ) yb vth = Whλt ¶
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giv~|x}0hDt
Mh
y
Kh
}y S ÈDT.y S ÈQ T | S È]JT,¶P¼Sgizuv~}y
Mh
ª·|xg S ÈDJT)}ty*uvx}©gi}²Dv~}y*|xµ©hDg½&¸eSt~hNµwhD,vx}©«Sh/ª·zyv~}y}t5Sy0Q«Sh5ª·|yb&v~z|xZeS}0hDt6ª¯y}©v~h.h0h0gih0yZvt/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½Qv~Shvxeh0|K¸}©v~e*v~eh¼©}yhD|Kª·S|~gzv~}y S ÈDJT¶d.ehD}©|gih0v~eu|~Zeh]tNvxeh
«&zh§ª·zyv~}yWvv~}g=h
t
½
vt
½bµZr
Whµ
t
½¸ehD|~h
Wh = col(wi)1≤i≤p
t
µb&«Sh½uyb
µt
}th¯yh]}©yz,vx}©«Sh0r³µsr
µ0 = Wh\φ S KT
µt+δ =
(
Wh\(SδWh)
)
µt , S µUT
ª·S|
t = 0, δ, . . . , T − δ ¶9d.e}t³0y^µBhÄSgi|xhD^¸}±vxe v~ehW}g=}©vDt~hª¾Sz|i¯y}©v~hÄh0h0gih0yZvgih0v~eu1½´}yW¸e}eIv~eh=tbhª5v~h]twv¾ª·zyv~}yt Zh }tav~eh=th0vmªN)ª·zyb,v~}ybt0¶¾d.e}tm}©gi}©v§Dt~h0|x|~h]tBybt°vx#|~hD}y
Z∗h
µZr³v~eh
}uh0yZvx}±vwr³SbhD|xv~S| }y S ÈQJT½t=vxe&v
λt+δ = Wh\(SδWhλt) . S &KT/ ¢ Î 5 Î  4, ¡4, Î *   

(µt)
X !# 
	
+'X " &3 +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 !# 3 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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   	/ S JT 
 (λt)   !#
	+
  " &5C 
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  4	   U 



"4$ !#    C
 S T 3$ 
 vt $J
"3733  & M 
 1"3    t   #
-
Whµ
t ≤Whλt ≤ vt ,
ª·|
t = 0, δ, . . . , T . S SJT
 "4" &  ¦ h
¯|tva|x&«h¾v~ev Whλt ≤ vt ª·S| t = 0, δ, . . . , T ¶ d.e}taDyµBh:|x&«h]µsr}©yz,vx}©SyK¶Æ|
t = 0
¸ h¾ebQ«h
Whλ
0 ≤ v0 µsr S È0µT,¶ ¦ h*txtzgih¾v~eb&v Whλt ≤ vt ¶°kmt}y S &KT½¸ h¾ebQ«h
Whλ
t+δ = WhW
]
hS
δ(Whλ
t)
= ΠWh
(
Sδ(Whλ
t)
)
.
kmt}y=v~eh
g=Syvxy}}©vwr³ª)v~eh*thDg=}|xz
Sδ
½u¸¼h§µvx}y
Whλ
t+δ ≤ ΠWh
(
Sδvt
)
≤ Sδvt
= vt+δ .
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d.ehit~hD0yÄ}©yhDZz}©vwrW}t
t~|~&«ShDÄµZrÄ}©yz,vx}©SyK¶#Æ|
t = 0
½K¸¼hieQ«Sh
µ0 = λ0 = Wh\Φ
¶
puzBSt~hmvxe&v
µt ≤ λt ¶ , ruh0¯y}©v~}yª Wh\
(
SδWh
) ½¸ h§eQ«h
Wh
(
Wh\SδWh
)
≤ SδWh ,
eh0y0h
Whµ
t+δ = Wh
(
Wh\SδWh
)
µt
≤
(
SδWh
)
µt
≤ SδWhλt .
pu}©y0h
λt+δ = Wh\
(
SδWhλ
t
)
= max{λ ∈ Rpmax | Whλ ≤ SδWhλt} ,
¸ hh0v#v~ev
µt+δ ≤ λt+δ ¶ d.ehDy µt ≤ λt ª·S| t = 0, δ, ..., T ¶ ps}yh Wh }t#giyv~Syh½¼¸¼hhDuz0h S T,¶
 y |xQs}g#&vx}©Sy4ª S µUT*zbt}y ª·|xg:zhªvxehIt~g=hvwrsbht S JT:}tit~ u}t~0ztxth]}y8* lÄÅa. ¶
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¿­yvxeh
th]Szh0K¸ h
uh0yv~h§µsr ‖v‖∞ = supi∈I |v(i)| ∈ R ∪ {+∞}
v~eh*t~zu¨EyS|~g ª5yZriª·zy,vx}©Sy
v : I → R ¶ ¦ htÄzthv~ehtxgihyvxv~}y ‖v‖∞ = supi∈I |vi| ª·S|=Ä«h],v~S| v = (vi)i∈I ¶Æ|§ysrvw¸¼th0vxt
I
y
J
½K³g#
Φ : RI → RJ }t§tx}Igiyv~SyhyWeSgihDyh0Szt}©ª¼}©v§}tgiSyvxyh§ª·S|v~eh:y&vxz|x1|uh0|y}©ª6ª·S|a
u ∈ RI yb λ ∈ R ½ Φ(u+ λ) = Φ(u) + λ ¸}±vxe
(u + λ)(i) = u(i) + λ
¶lWyv~yh#egiSh0yhDzt¾g#bt*|xh#yyhuybt}«hª·|
vxeht~zu¨Ey|xgÁ
‖Φ(u)−Φ(v)‖∞ ≤ ‖u−v‖∞
½Qt~h0h * P dS/.E¶¿­y*b|~v~}z|]½Dg#Z¨EztKS|gi}yu¨E©zbt)}©yhD|Bh0|&vx|t
|~hmyy¨ h0sbyt~}©«Shª·| vxeh
tz¨ yS|~g¶5d.e}t¼|~SbhD|vwri¸}©1µBh¾ª·|~h]Szh0yZv~rizth]}y³vxeh
th]Zzh0 ¶5¿­y
S|xh0| v~#t~}©gi}±ª·ryv&vx}©Syt0½u¸ h
uh0yv~h
τ̄δ = {0, δ, · · · , T}
½
τ+δ = τ̄δ\{0}
y
τ−δ = τ̄δ\{T}
¶
Ê 
`£u¢  O  dh]twvµ}t~eIvxehg#}©y |~h]tz©vmª/v~eh=bhD| S d.eh0S|~hDg S#µBh0&¸ T,½´¸ h=t~e6yh0h]SyrIv~v®h=vxeh#y|xgoªN¯y}±vxh³«&zhD ª·zyv~}ytD¶Åa&¸¼hD«h0|]½1¸ h=¸}t~e vxIh0gieSt}²0h=vxe&v:©
vxehigizvx&vx}©Sytav~evmª·S©&¸ |xh:«&}Iª·|mª·zyv~}yt¾¸}©v~e<«&zhDtm}©y
R
}©ªNyh=|xh00hDthD«hD|~r
uDz|xh0y0h§ª/=v~h0|xgªvxeh§ª·|xg ‖u− v‖∞ µsr d∞(u, v) = inf{λ ≥ 0 | −λ+ v ≤ u ≤ λ + v} ¶ÃmµbthD|~«Shvxe&v
d∞(u, v)
}t`thDgi}u}tvxybhÄy v~ev
d∞(u, v) = ‖u − v‖∞
½}±ª
u − v vx®ShDt¯by}±vxhI«&zhDtD¶ ÃmµbthD|~«Sht~ vxe&v#}©ª§<g#
Φ : R
I → RJ }tigiSyvxyhIyb eSgihDyh0SztD½
d∞(Φ(u),Φ(v)) ≤ d∞(u, v)
½ª·|
u, v ∈ RI ¶
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d.ehª·&¸}©y©hDgigit~e&¸tvxe&v¾v~ehihD|~|x|mª/v~eh=}uh]6gis¨ zta¯y}©v~hih0h0gihDySv¾gihv~es
}tiSySvx|~S©hDVµsrVvxeh|~whDv~}y`hD|~|x|t ‖ΠZ∗hWh(vt) − vt‖∞
¶ d.e}th0gig# giQrVµBhvxezeZv=ª
St
y4ybzhª P¼h]  t§©hDg=g#}y<v~eh0St~t~}0/yrut}t§ª v~eh#hD|~|x|t¾ª v~ehi¯by}±vxh³h0h0gihDySv
gih0v~eu1¶5°|xwh],v~S|xtN&«hD|¼t~h0gi}©giuuzhDt¼}y#v~eh§lWÆ6ÇNl;|x|xhDt~bSy=v~|~v~eSyb|xwh],vx|t°}y
vxeh*txt~}DB¯y}©v~h
hD©hDg=hDyZvg=h0v~eu1¶
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t ∈ τ̄δ
 

vt
 !#%33 & M'+ 1"32   
t
 3$
vth
X1  J' "
	3 1"3
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‖vTh − vT ‖∞ ≤ ‖ΠWh(v
0) − v0‖∞ +
∑
t∈τ+
δ
‖ΠZ
∗
h
Wh
(vt) − vt‖∞ . S T
 "4" &  Æ|© t ∈ τ−δ ½¸ h¾ebQ«h
‖vt+δh − vt+δ‖∞ ≤ ‖vt+δh − Sδh(vt)‖∞ + ‖Sδh(vt) − vt+δ‖∞
≤ ‖Sδh(vth) − Sδh(vt)‖∞ + ‖Π
Z∗h
Wh
◦ Sδ(vt) − vt+δ‖∞ .
pu}©y0h
Sδh
}t=yyu¨Ehuyt~}©«ShaBh0|&vx|]½s¸¼h
uh]uzh
‖vt+δh − vt+δ‖∞ ≤ ‖vth − vt‖∞ + ‖Π
Z∗h
Wh
(vt+δ) − vt+δ‖∞ .
d.eh¾|xhDt~z©v}t.Sµuvx}©yhDµZr}©ybuz,vx}©Syy
t
½uzt}yivxeh§ª v vxe&v
v0h = PWh(v
0) = ΠWh(v
0)
¶
dSµuvx}©y<y h0|x|~S|ahDtv~}g#&vxh½1¸ hyhDhDWv~µbSzy ‖ΠZ∗hWh(vt) − vt‖∞
ª·|
©
t ∈ τ+δ
¶ps}yh
Π
Z∗h
Wh
= ΠWh ◦ ΠZ
∗
h
½¸ h§eQ«h
‖ΠZ
∗
h
Wh
(vt) − vt‖∞ = ‖ΠWh ◦ Π
Z∗h(vt) − vt‖∞
≤ ‖ΠWh ◦ Π
Z∗h(vt) − ΠWh(v
t)‖∞ + ‖ΠWh(v
t) − vt‖∞ ,
yt}yh
ΠWh
}t=yy¨ h0sbyt~}©«ShmSbhD|xv~S|D½s¸ h¾Shv
‖ΠZ
∗
h
Wh
(vt) − vt‖∞ ≤ ‖ΠZ
∗
h(vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞ . S S T
kmt}y=v~e}t}yh]Szb}±vwr#vxShv~eh0|¸}©v~eIÂKhDg=g#iu½¸ h
uhDzh§vxeh§ª·©&¸}yiS|~S©|xr¶
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t ∈ τ̄δ
 +
vt
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t
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vth
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‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(‖ΠZ∗h(vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞)
)
.
d.eh¾ª·S©&¸}©ySh0yhD|xBh0gig#ite&¸t°vxe&vvxeh§h0|x|~S|¼ª)v~eh¾h0»Bh],vx}©«Shm¯by}±vxh§h0h0gih0yZvgihv~es
}t yZvx|~S©hD=µsr=v~ehm|~whDv~}y#h0|x|x|t°y#v~ehmh0|x|~S|xt/|xhDt~z©v~}y*ª·|xg v~eh¾|xQs}g#&vx}©Sy=ª1v~eh
g#v~|x}±
Kh
µZrg#v~|x}±
K̃h
¶
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t ∈ τ̄δ
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
vt
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t
 3$
vth
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Kh
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J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‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(‖ΠZ∗h (vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞)
+ ‖K̃h −Kh‖∞
)
.
 "4" &  pu}©y0h vth }t.Sg=zuv~h]³¸}©v~ev~eh
|~Qu}g#&v~}y K̃h ª Kh ½u¸¼h¾eQ«h vth = Whλt ½ t ∈ τ̄δ ½¸}©v~e
λt+δ = M ]h ◦ (K̃hλt) = W
]
h ◦ (Z∗h)] ◦ (K̃hλt) .¦ h
eQ«Sh
‖vt+δh − vt+δ‖∞ ≤ ‖vt+δh − Sδhvth‖∞ + ‖Sδhvth − Sδhvt‖∞ + ‖Sδhvt − vt+δ‖∞
≤ ‖ΠWh ◦ (Z
∗
h)
] ◦ (K̃hλt) − ΠWh ◦ (Z
∗
h)
] ◦ Z∗h ◦ SδWhλt‖∞
+‖vth − vt‖∞ + ‖Π
Z∗h
Wh
(vt+δ) − vt+δ‖∞
≤ ‖K̃hλt −Khλt‖∞ + ‖vth − vt‖∞ + ‖Π
Z∗h
Wh
(vt+δ) − vt+δ‖∞
≤ max
1≤j≤q
1≤i≤p
|(K̃h)ji − (Kh)ji| + ‖vth − vt‖∞ + ‖Π
Z∗h
Wh
(vt+δ) − vt+δ‖∞ .
¦ h*uh]uzh¾vxe&v
‖vTh − vT ‖∞ ≤ ‖ΠWh(v
0) − v0‖∞ +
∑
t∈τ+
δ
(
‖ΠZ
∗
h
Wh
(vt) − vt‖∞ + ‖K̃h −Kh‖∞
)
,
yt
‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(‖ΠZ∗h (vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞)
+ ‖K̃h −Kh‖∞
)
.
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t ∈ τ̄δ
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vt
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KH,h
" &
Kh
 J=C
 #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‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(‖ΠZ∗h (vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞)
+ max
1≤i≤p
‖[Sδwi]H − Sδwi‖∞
)
.
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y¾zt~}©y.vxe&v KH,h = Z∗h[SδWh]Hy
Kh = Z
∗
hS
δWh
¸¼h
ebQ«h
‖KH,h −Kh‖∞ ≤ ‖[SδWh]H − SδWh‖∞
= max
1≤i≤p
‖[Sδwi]H − Sδwi‖∞ , S T
¸e}eh0yt.v~eh
|~sªw¶
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t ∈ τ̄δ
 +
vt
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K̃H,h
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Kh
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‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(‖ΠZ∗hvt − vt‖∞ + ‖ΠWhv
t − vt‖∞)
+ max
1≤i≤p
‖[Sδwi]H − Sδwi‖∞ + ‖K̃H,h −KH,h‖∞
)
.
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ÂKh0gig#ÈÈ½v~Shvxeh0|¸}©v~eÇNZzv~}y S KT.y
‖K̃H,h −Kh‖∞ ≤ ‖K̃H,h −KH,h‖∞ + ‖KH,h −Kh‖∞ .
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f(x)+ c2‖x‖22
½&¸eh0|xh ‖·‖2 }t)v~eh.tvxyb|hDz}uhDy*y|xg ª
R
n
½&}t6ys«Sh1¶  ª·zy,vx}©Sy
f
}t
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0h0yZv~hD|~h] v=B}yZv
x̂ ∈ X ½°¸}©v~e¹SytvxyZv a > 0 ½°vxehª·zy,vx}©Sy w(x) = −a‖x − x̂‖1 ¸eh0|xh
‖x‖1 =
∑n
i=1 |xi|
}t.vxeh
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R
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d.ehª 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ª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yZv
a
h0yh0|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&s¨ ©ztthDyt~h½
vxeh§thDg=}giuuzh¾ªÂK}txe}©v~²§yZvx}©yszSzt°ª·zy,vx}©Syt ª·|~Sg
X
vx
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vbS}©yZv
x̂ ∈ X ½u¸}±vxeIÅhDtxt~}y c > 0 ½uv~eh§ª·zy,vx}©Sy w(x) = − c2‖x− x̂‖22
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X = Rn
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&vx}¯by}±vxhWh0h0gihDySvt#¸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y
c
h0yh0|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c
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}©v~e
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R
n
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f
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Y
vx
R
¶ ¦ h*¸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µsr
ConvY
v~eh:SyZ«Sh³esz1ª
Y
½
riY
vxeh
|~hDv~}«h¾}©yZvxh0|x}©S| ª
Y
½
domf
v~eh
h0»Bh],v~}«h
uSg#}yª
fy
∂f(x)
v~eh*tzµ´u}©»BhD|~hDyZv~}Kª
f
v
x ∈ domf ¶¦ eh0y
C
}t§yyh0giuvwrWSys«hWt~zµt~hv§ª
R
n
y
c > 0
½K³ª·Sy,vx}©SyÄ}t¾tx}IvxµBh
c
¨   "3  
 " 3 	my
C
}©ªyyri}±ª
f − 12c‖ · ‖22
}t.0ys«h0=Sy
C
¶  ª·zy,vx}©Sy
f
}t
c
¨X  X"3 J   "3  $C¼y
C
}©ª −f }t c ¨­twvx|~Syr³SyZ«Sh³Sy C ¶Â)hv
P
µbh
=¯y}©v~h*t~zµt~hvª
R
n
¶°d.eh " " "3 
sª/B}yZv
p ∈ P }th¯yh]µZr
V (p) = {x ∈ Rn | ‖x− p‖2 ≤ ‖x− q‖2, ∀q ∈ P}.
d.ehmª gi}©r {V (p)}p∈P Sytwvx}±vxzuv~h]titzµBu}«s}t~yª Rn ½u¸e}e}tD©h] /S|~Sy}Bv~h]t~t~h0&vx}©SyS thDhE*ãpukm/.5ª·|
yÄ}ySvx|~uuzb,v~}yWv~ /|xyS})vxhDtxthDv~}yt T,¶ ¦ hih¯yh !#+ +   
 1"3 " & V (p)"
X
v~#µBhÁ
VX (p) = V (p) ∩X.
¦ hmh¯yh
ρX(P )
v~µbhav~eh 
	 ' J$ °ª1v~ehm|xhDtv~|x}v~}yivx9ª1v~eh/S|~Sy}0h0t¼ª)v~eh
B}yZvxt.ª
P
Á
ρX(P ) := sup
p∈P
sup
x∈VX(p)
‖x− p‖2.
ÃmµbthD|~«Shavxe&v
ρX(P ) := sup
x∈X
inf
p∈P
‖x− p‖2.
d.eh<|~hD«Z}zbth¯y}©v~}ybtW|xh }©ztv~|&vxhD }©yÆ6}z|xh`s¶d.eh4th0v
X
}tI}y }©SeZvS|xQrS½
P =
{p1, · · · , p10}
½
VX (P9)
}t}y |~® |Qr y
ρX(P )
}t}©y}D&v~h] µsr `µ}u}|~h],vx}©Sy§|x|~&¸
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p10
ρ
X (P )
VX (p9)
X
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p2
p1
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v : X → R X c  
+  "3ACX	  $0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#  @ "3 3U Lv!1    + " !#
+ 1$ 3 "$    
 vc(x) = v(x) + c2‖x‖22   + X̂ = X + B2(0, Lvc )  +
X̂h
   U F +
+H" &
R
n
3$ 
 Wh $J
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 "%$3M " & RXmax K+#X3X$	!# &+3  
(wx̂h)x̂h∈X̂h
 #X
wx̂h(x) = − c2‖x− x̂h‖22 
 #

‖v − PWhv‖∞ ≤ c diamXρX̂(X̂h)
 "4" &  Â)hv W h0yv~h/vxeh 0gihvxh¼t~zµt~h0gi}©giuuzhNª RXmax hDyh0|&vxhD§µsrmv~eh¼ª gi}©r (wx̂)x̂∈X̂ ¶¦ h=¸}©6¯|xtvm|~&«Sh
v~evmª·S|¾©
x ∈ X ½ PWv(x) = v(x) ¶
¿Ev§}tmSµs«Z}zbtv~eb&v ∀x ∈ X ½ v(x) ≥
PWv(x)
¶Nkat~}©yiv~ev
PW = W ◦W ]
½u¸}©v~e
W = col(wx̂)x̂∈X̂
½¸ h§µuv}y
PWv(x) = sup
x̂∈X̂
(
− c
2
‖x− x̂‖22 + inf
y∈X
( c
2
‖y − x̂‖22 + v(y)
)
)
= sup
x̂∈X̂
(
− c
2
‖x‖22 + cx̂ · x− sup
y∈X
(
cx̂ · y − vc(y)
)
)
= − c
2
‖x‖22 + sup
x̂∈X̂
(
cx̂ · x− v∗c (cx̂)
)
,
¸eh0|xh
v∗c
uh0yv~h]t¼v~eh
ÆhDyehDbvx|xytª·|xg ª
vc
¶Nps}yh
vc
}t À¶ t0¶ ¶½Sys«h³y³|xBh0|]½s¸¼h¾eQ«Sh
ª·S|
x ∈ X
vc(x) = v
∗∗
c (x) = sup
θ∈Rn
(
θ · x− v∗c (θ)
)
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T
kmt}y
d.ehD|xh0g
23.4
ª * u]/. ½ª·|°©
x ∈ ri(domvc)
½v~eht~zµ´u}±»´h0|xh0yZvx}ª
vc
v
x
½
∂vc(x) =
{θ ∈ Rn | vc(y) − vc(x) ≥ θ · (y − x), ∀y ∈ X}
½s}t yyu¨Eh0giuvwrS¶°d.eh0y
θ ∈ ∂vc(x)
}©ª6yyr#}±ª
v∗c (θ) = θ · x− vc(x)
yb0yt~hDZzhDyZv~r½uvxeh:t~z|xh0g:zg ª S JT.}t&v~vx}yh]ª·|a©KhD©hDgih0yZvxt θª
∂vc(x)
¶
puhv
q(x) = c2‖x‖22
¶Nkmt}yiv~eh§ª ,vav~ev
q(y) − q(x) = q′(x) · (y − x) +O(‖y − x‖22)
ybvxe&v
v
}tmÂK}t~e}±vx²*yZvx}©yszSzt.¸}±vxeWÂK}txe}±vx²*SytwvyZv
Lv
½b¸¼h
Sµuvx}©y
∂vc(x) ⊂ B2(cx, Lv)
ª·|a©
x ∈ riX ¶°d.ehD|~h0ª·|xh½Zª·|© x ∈ riX ½
vc(x) = sup
x̂∈X̂
(
cx̂ · x− v∗c (cx̂)
)
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T
, r0yZv~}ysz}©vwr³}©yvxeh
gih0g:µBh0|t.ª6ÇNZz&vx}©Sy S T½u¸ h§eQ«h¾v~eh
hDZz}©vwr#ª·|© x ∈ X ½yt~
PWv(x) = −
c
2
‖x‖22 + sup
x̂∈X̂
(
cx̂ · x− v∗c (cx̂)
)
= − c
2
‖x‖22 + vc(x)
= v(x) ,
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x ∈ X ¶ja&¸
½¯
x ∈ X ¶6Æ| x̂ ∈ X̂ ½s¸ hmt~hv ϕ(x̂) = cx̂ ·x− v∗c (cx̂)
¶°ps}yh
PWhv ≤ PWv ≤ v
½s¸¼hmeQ«h
ª·S|
x ∈ X
0 ≤ v(x) − PWhv(x) = PWv(x) − PWhv(x)
= sup
x̂∈X̂
ϕ(x̂) − sup
x̂h∈X̂h
ϕ(x̂h)
= sup
x̂∈X̂
inf
x̂h∈X̂h
ϕ(x̂) − ϕ(x̂h) .
¦ h#eQ«Sh
∂(−ϕ)(x̂) = −cx + c∂v∗c (cx̂)
¶pu}©y0h
∂v∗c ⊂ X
½)¸ h#eQ«h
∂(−ϕ)(x̂) ⊂ c(X − x) ⊂
B2(0, c diamX)
¶*Åh0ybh½
ϕ
}t§ÂK}txe}±vx²=0yZv~}yszzbt¸}©v~eVÂK}t~e}±vx²=0ytvxySv
Lϕ = c diamX
¶
d.eh0yª·|a©
x ∈ X
v(x) − PWhv(x) ≤ sup
x̂∈X̂
inf
x̂h∈X̂h
Lϕ‖x̂− x̂h‖2
= c diamXρX̂(X̂h) .
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(zx̂)x̂∈X̂
 +U 	  $  !#F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X̂
 X" # 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a ≥ Lv   #

‖v − P−(ZX̂)v‖∞ ≤ n(a+ Lv)ρX (X̂).
 "4" &  ¿EvI}tIhD|vxe&v P−(ZX̂)v ≥ v y zt}y^v~ev P−(ZX̂) = (Z∗)] ◦ Z∗ ½§¸}©v~e Z =
col(zx̂)x̂∈X̂
½u¸¼h
Sµuvx}©y
P−(ZX̂)v(x) − v(x) = inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(
− a‖y − x̂‖1 + v(y) − v(x)
)
)
,
ª·S|
x ∈ X ¶°ps}©ybh v }t Lv ¨­ÂK}t~e}±vx²§0yZv~}yszzbt0½u¸ h§eQ«h
P−(ZX̂)v(x) − v(x) ≤ inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(
− a‖y − x̂‖1 + Lv‖y − x‖2
)
)
≤ inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(
− a‖y − x̂‖1 + Lv‖y − x‖1
)
)
≤ inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(
− a‖y − x̂‖1 + Lv‖y − x̂‖1
+Lv‖x− x̂‖1
)
)
= inf
x̂∈X̂
(
(a+ Lv)‖x− x̂‖1 + sup
y∈X
(Lv − a)‖y − x̂‖1
)
.
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pu}©y0h
a ≥ Lv
½¸ h§hDuz0h
P−(ZX̂)v(x) − v(x) ≤ (a+ Lv) sup
x∈X
inf
x̂∈X̂
‖x− x̂‖1 ≤ n(a+ Lv)ρX(X̂) .
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¨
(H1) f : X×U → Rn }t/µBzyhD#yb=Â)}©bt~e}©v~²0yZv~}yszzbt5¸}±vxe#|~h]tBhDv/v~ x ½ZgihDy}©yv~evv~ehD|~h
h0u}tv
Lf > 0
y
Mf > 0
t~zev~ev
‖f(x, u) − f(y, u)‖2 ≤ Lf‖x− y‖2 ∀x, y ∈ X,u ∈ U,
‖f(x, u)‖2 ≤Mf , ∀x ∈ X,u ∈ U .
¨
(H2) ` : X ×U → R }t.µBzyhDyÂK}txe}©v~²
SySvx}©yszSzt.¸}©v~e|~h]tBhDv vx x ½gih]y}yv~evv~ehD|~h
h0u}tv
L` > 0
yb
M` > 0
tzbevxe&v
|`(x, u) − `(y, u)| ≤ L`‖x− y‖2 ∀x, y ∈ X,u ∈ U,
|`(x, u)| ≤M`, ∀x ∈ X,u ∈ U .
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 -  '  5H5¢ Î = , 
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 +
w : x→ R      3 w   C1 "   
>%X"$ #"%"4$ " & X ;  #  X"  "   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Lw
!)    + " !# 

 1$J 3 " 
c1
 +
 X" 3 	 3$
c2
 

  "   3   +!#	   	   
K1 > 0
 X !#3 ‖[Sδw]H − Sδw‖∞ ≤ K1δ2 A&+" δ > 0   #	  [Sδw]H   J=3+	 S KT 
 "4" &  ¦ h§¯|twvt~e&¸ vxe&vvxeh0|xh§hu}twvt K1 > 0 t~zevxe&v
[Sδw]H (x) − Sδw(x) ≥ −K1δ2, ∀x ∈ X .
Æ|©
x ∈ X y u ∈ U ½uh0¯yh xu,x vx#µbh*v~eh§vx|xwhD,vx|xrt~zev~ev ẋu,x(s) = f(xu,x(s), u)y
xu,x(0) = x
¶/¿­yv~ehD|¸¼S|xtD½s¸¼h*riSytwvyZvSySvx|~S
u
¶ ¦ h¾ebQ«h
(Sδw)(x) ≥ sup{
∫ δ
0
`(xu,x(s), u)ds+ w(xu,x(δ)) | u ∈ U} . .
pu}©y0h
`
}tÂK}txe}±vx²*SySvx}©yszSzt.y
f
}t.µBzyhD1½¸ h§eQ«h
∣
∣
∣
∫ δ
0
[`(xu,x(s), u) − `(x, u)]ds
∣
∣
∣
≤ L`
∫ δ
0
‖xu,x(s) − x‖2ds
≤ L`
∫ δ
0
Mfsds ,
Ñ·Ò6ÓKÑÕÔ
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vxeh0y
∣
∣
∣
∫ δ
0
[`(xu,x(s), u) − `(x, u)]ds
∣
∣
∣
≤ 1
2
L`Mfδ
2 . S È%T
d.eh0|xhª·|xh
(Sδw)(x) ≥ −1
2
L`Mfδ
2 + sup{δ`(x, u) + w(xu,x(δ)) | u ∈ U} .
pu}©y0h
w
}tÂ)}©txe}©v~²*0yZv~}yszzt.y
f
}t.µBzyuhDyÂK}t~e}±vx²§0yZv~}yszzbt0½s¸ h
eQ«h
∣
∣
∣
w(xu,x(δ)) − w(x + δf(x, u))
∣
∣
∣
≤ Lw‖xu,x(δ) − x− δf(x, u)‖2
≤ Lw
∫ δ
0
‖f(xu,x(s), u) − f(x, u)‖2ds
≤ Lw
∫ δ
0
Lf‖xu,x(s) − x‖2ds
≤ LwLf
∫ δ
0
Mfsds ,
yt
∣
∣
∣
w(xu,x(δ)) − w(x + δf(x, u))
∣
∣
∣
≤ 1
2
LwLfMfδ
2 . S SJT
lW|xh0&«hD|D½st~}©y0h
w
}t
c1
¨Et~h0gi}SyZ«Sh1½s¸¼h§eQ«Sh
w(x + δf(x, u)) ≥ w(x) + δ∇w(x) · f(x, u) − c1
2
M2f δ
2 . S T
¦ h*uh]uzh¾ª·|xg S È%T,½ S S T.y S T
(Sδw)(x) ≥ −
(
L`Mf + LwLfMf + c1M
2
f
)δ2
2
+ w(x)
+ sup
u∈U
{
δ`(x, u) + δ∇w(x) · f(x, u)
}
≥ −
(
L`Mf + LwLfMf + c1M
2
f
)δ2
2
+ w(x) + δH(x,∇w(x)) .
d.e}t.hDyt.vxeh§¯|twv|vª6v~eh
|~sªw¶
¦ h³y&¸ |~&«Sh#yVBSt~}©v~h#}yhDZz©}©vwr¶Æ|*©
x ∈ X y ª·|°gihDt~z|µh=ª·zyv~}yt
u : [0, δ] → U ½°uh0¯yh xu,x vxÄµBh³vxehvx|xwhDv~|xr t~zeVvxe&v ẋu,x(s) = f(xu,x(s),u(s)) y
xu,x(0) = x
¶pu}©y0h
`(x, u) ≤ H(x, p) − p · f(x, u) ½)ª·S|© p ∈ Rn ½ x ∈ X y u ∈ U ½6¸¼h
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hDuz0h¾v~ev
(Sδw)(x) ≤ sup
{
∫ δ
0
H(xu,x(s),∇w(x))ds + w(xu,x(δ))
−∇w(x) ·
∫ δ
0
f(xu,x(s),u(s))ds | u : [0, δ] → U
}
= sup
{
∫ δ
0
H(xu,x(s),∇w(x))ds
+ w(x(δ)) −∇w(x) ·
(
xu,x(δ) − x
)
| u : [0, δ] → U
}
.
kmt}y<v~ehIª v=vxe&v
`
yb
f
|xhÂ)}©bt~e}©v~²W0yZv~}yszzbt¸}©v~e |xhDt~BhD,vivx
x
½.¸¼heQ«Shª·|³
x, x′ ∈ X ½ p ∈ Rn
∣
∣
∣
H(x, p) −H(x′, p)
∣
∣
∣
≤
(
L` + Lf‖p‖2
)
‖x− x′‖2 ,
vxeh0|xhª·S|~h
(Sδw)(x) ≤ sup
{
(
L` + LfLw
)
∫ δ
0
‖xu,x(s) − x‖2ds+ δH(x,∇w(x))
+w(xu,x(δ)) −∇w(x) ·
(
xu,x(δ) − x
)
| u : [0, δ] → U
}
≤
(
L` + LfLw
)
Mf
δ2
2
+ δH(x,∇w(x))
+ sup
{
w(xu,x(δ)) −∇w(x) ·
(
xu,x(δ) − x
)
| u : [0, δ] → U
}
.
pu}©y0h
w
}t
c2
¨Et~h0gi}Sy0Q«Sh½s¸¼h§eQ«Sh
w(xu,x(δ)) ≤ w(x) + ∇w(x) ·
(
xu,x(δ) − x
)
+
c2
2
M2f δ
2 .
¦ h
µvx}y
(Sδw)(x) ≤
(
L` + LfMDw + c2Mf
)
Mf
δ2
2
+ w(x) + δH(x,∇w(x)) .
dih0yvxeh
|xZªw½u¸¼h¾v®h
K1 =
1
2
(
L`Mf + LfMDwMf + max(c1, c2)M
2
f
) ¶
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ϕ : X → R  $5 U	XM= "3U U"3 & M'+ 1"3 ψ : X → R   U	XM=% "3   
Lψ
3    +  " "  ‖ · ‖  
 "$ ε ≥ 0   $1 
Fε = {x ∈ X | ϕ(x) ≥ sup
x′∈X
ϕ(x′) − ε}, S SKT
g(ε) = sup
x∈Fε
d(x, F0) , S µUT
Ñ·Ò6ÓKÑÕÔ
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 #X
d(x, F0) = infy∈F0 ‖y − x‖    #$C 
| sup
x∈X
(
ϕ(x) + δψ(x)
)
−
[
sup
x∈X
ϕ(x) + δ sup
x∈argmaxϕ
ψ(x)
]
|≤ Lψδg(δM) ,
 #X
M = supx∈X ψ(x) − infx∈X ψ(x) 
 "4" &  pu}©y0h ϕ }t.zK¶ t0¶ ¶y X }tSg=b,v]½ F0 = argmaxϕ y
sup
x∈X
(
ϕ(x) + δψ(x)
)
≥ sup
x∈X
ϕ(x) + δ sup
x∈F0
ψ(x) . S ZJT
Æ|
ε > 0
¸¼h
eQ«ShÁ
sup
x∈X
(
ϕ(x) + δψ(x)
)
= max
[
sup
x∈Fε
(
ϕ(x) + δψ(x)
)
, sup
x∈X\Fε
(
ϕ(x) + δψ(x)
)]
.
Â)hv
ε = δ(supx∈X ψ(x)− infx∈X ψ(x)) = Mδ S ¸e}e}tN¯by}±vxh
t}yh ψ }t.SyZv~}yZzzt y X }t0giS,v T¶ ¦ h
eQ«ShÁ
sup
x∈X\Fε
(
ϕ(x) + δψ(x)
)
≤ −ε+ sup
x∈X
ϕ(x) + δ sup
x∈X
ψ(x)
= sup
x∈Fε
ϕ(x) + δ inf
x∈X
ψ(x)
≤ sup
x∈Fε
[
ϕ(x) + δψ(x)
]
.
d.eh0|xhª·|xh
sup
x∈X
(
ϕ(x) + δψ(x)
)
= sup
x∈Fε
(
ϕ(x) + δψ(x)
)
≤ sup
x∈X
ϕ(x) + δ sup
x∈Fε
ψ(x) . S ST
¦ h*uh]uzh¾ª·|xg S SJT.y S SJTÁ
0 ≤ sup
x∈X
(
ϕ(x) + δψ(x)
)
−
[
sup
x∈X
ϕ(x) + δ sup
x∈F0
ψ(x)
]
≤ δ
[
sup
x∈Fε
ψ(x) − sup
x∈F0
ψ(x)
]
.
pu}©y0h
ψ
}tÂ)}©bt~e}©v~²
0yZv~}yszztD½u¸ h¾ebQ«h
sup
x∈Fε
ψ(x) − sup
x∈F0
ψ(x) = sup
x∈Fε
inf
y∈F0
(
ψ(x) − ψ(y)
)
≤ sup
x∈Fε
inf
y∈F0
Lψ‖x− y‖
= Lψ sup
x∈Fε
d(x, F0)
= Lψg(ε) .
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ϕ : X → R ! "%$3M c > 0  $68  U	    "3U U"37& M 
 1"3
ψ : X → R !?  U	    "3    Lψ   + # 
 " !#B
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X
 3 3 $ 3 M 
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x0 ∈ X
    arg maxX ϕ = {x0} 3$
| sup
x∈X
(
ϕ(x) + δψ(x)
)
−
(
ϕ(x0) + δψ(x0)
)
| ≤ Lψδ
√
2δM
c
,
 #X
M = supx∈X ψ(x) − infx∈X ψ(x) 
 "4" &  mh¯byh Φ(x) = ϕ(x0)−ϕ(x) ª·| x ∈ X yb Φ(x) = +∞ h0thD¸eh0|xh¶ ¦ heQ«h Φ(x) ≥ 0ª·S|°
x ∈ Rn y Φ(x0) = 0 ¶5ps}y0h Φ }t5À¶ t0¶ ¶yiSyZ«Sh*Sy Rn ½v~ehDy 0 ∈ ∂Φ(x0) ¶5lW|xh0&«hD|
Φ
}t¾twvx|~Syrys«Sh¸}±vxe giuuzzt
c
¶
d.eh0yK½´zt~}yd.eh0|xh0g ¶È¶ã#ª* ÅakaÂ½ P¼ebuvxh0| a¿ .
¸ h§eQ«hmª·|©
x, x′ ∈ X
Φ(x) ≥ Φ(x′) + 〈s | x− x′〉 + c
2
‖x− x′‖22 ∀s ∈ ∂Φ(x′) .
d6®s}y
x′ = x0
y
s = 0
¸ h
µuv}yª·S|
x ∈ X
Φ(x) ≥ c
2
‖x− x0‖22 ,
¸e}e}©gi}hDt
ϕ(x) ≤ ϕ(x0) −
c
2
‖x− x0‖22 ∀x ∈ X .
kmt}yvxeh°yvxv~}yt1ªsv~eh¼|~hD«s}©SztKÂKhDgigi½D¸ h°ShvKhDSt}r S thDhNtN|~SbZt}©v~}y§¶ S ª<* ,puS/.Tª·S|
x ∈ Fε
½
d(x, F0) ≤
√
2ε
c
½u¸eh0|xh
ε = δ
(
supx∈X ψ(x) − infx∈X ψ(x)
) ¶
Ê 
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v~hiª v~ehi|xQu}©g#&vx}©SyÄªNv~eh#giv~|x}±
KH,h
µsrIv~eh
g#v~|x}±
K̃H,h
½¸ h
rÂ)h0gig#³}©yv~eh*0t~h§¸eh0|xh
ϕ(x) = wi(x) + zj(x) and ψ(x) = H(x,∇wi(x)) ,
ª·S|=<t~z}±vµhe}hªvxeh¯y}©v~hh0h0gih0yZvt
wi
y4vxhDtvª·zyb,v~}ybt
zj
¶ kmt}y  txtzg=v~}yt
(H1)
y
(H2)
½1¸ heQ«Sh:vxe&v]½´ª·|

x ∈ X ½ |ψ(x)| ≤ Mf‖∇w‖∞ + M` ½1¸eh0|xh ‖∇w‖∞ =
‖‖∇w‖2‖∞
y ∇w = (∇wi)1≤i≤p ¶ ¦ h*uhDzh
supψ − inf ψ ≤ 2
(
Mf‖∇w‖∞ +M`
)
.
lW|xh0&«hD|
H(·, p) yb H(x, ·) |~haÂ)}©bt~e}©v~²¾SySvx}©yszSzt°¸}©v~eÂK}t~e}±vx²mSytvxyZvt Lf‖p‖2 +L`y
Mf
|~h]tBhDv~}«hD©rS¶5Åah0y0h½
ψ
}tÂK}txe}©v~²*SyZv~}yZzzt ¸}©v~eIÂK}txe}±vx²*SytwvyZv
Lψ = Lf‖∇w‖∞ + L` +Mf‖D2wi‖∞ .
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‖vTh − vT ‖∞ ≤ C1(δ +
∆x
δ
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‖vTh − vT ‖∞ ≤ C2(
√
δ +
∆x
δ
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&+"$ 
"3 "3   
C2 > 0 
 "4" &  Â)hv Wh y Zh uhDyvxhavxeh
Sg=©h0v~h§thDg=}giuuzhDt ª RXmax Sh0yhD|xv~hD³µZrivxeh¾ª gi}©}hDt
(wx̂)x̂∈T̂
yb
(zŷ)ŷ∈T
|xhDt~bh],vx}©«Sh0r¶ ¦ h³}©ybuh v~eh³hD©hDgih0yZvxt§ª T̂ y T µsr x̂1, · · · , x̂p yb
ŷ1, · · · , ŷq
|~h]tBhDv~}«h0r¶/kmt}y P¼|x|~rÈQs½¸ h¾ebQ«h
‖vTh − vT ‖∞ ≤ (1 +
T
δ
)
(
sup
t∈τ̄δ
(
‖P−Zh(vt) − vt‖∞ + ‖PWh(vt) − vt‖∞
)
+ max
1≤i≤p
‖[Sδwi]H − Sδwi‖∞
)
.
dhDtv~}g#&v~h=vxehi|~whDv~}yÄhD|~|x| ‖PWh(vt) − vt‖∞
½¸¼h#rWÂKh0gig#<ÈDª·|
X̂h = T̂
¶ ¦ h
Sµuvx}©y)½ª·S|
t ∈ τ̄δ
½ ‖PWh(vt) − vt‖∞ ≤ c diamX∆x
¶  rZ}yÄÂ)h0gig#`È&¸ h³µuv}yK½6ª·|
t ∈ τ̄δ
½ ‖P−Zh(vt) − vt‖∞ ≤ n(a+ L)∆x ¶NÆ6}©yb©rS½uzt}y#ÂKhDgigiIÈDu½u¸ h
h0v
‖vTh − vT ‖∞ ≤ C1(δ +
∆x
δ
) ,
¸eh0|xh
C1 > (T + 1) max
(
c diamX + n(a+ L),
1
2
(L`Mf + LfMf (diamX +
L
c
) + cM2f )
)
.
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v~}y#ªHP¼|x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ϕ = wi + zj
}tN¨Etv~|xyrSys«h1½S¸¼hebQ«h
supψ−
inf ψ ≤ 2(M`+Mfc(diamX+ Lc ))
y
Lψ = L`+ cMf +Lfc(diamX+
L
c
)
¶ ¦ hmuhDuzbhvxe&v
|(K̃H,h)ji − (KH,h)ji| ≤ 2
(
L` + cMf + Lfc(diamX +
L
c
)
)
√
M`
c
+Mf (diamX +
L
c
)δ
√
δ ,
ª·S|
i = 1, · · · , p yb j = 1, · · · , q ¶°ÅhDyhS½uv~eh0|xh¾h0u}tvxt C2 > 0 t~zev~ev
‖vTh − vT ‖∞ ≤ C2(
√
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∆x
δ
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δ
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T = 1
½
φ ≡ 0 ½ X = [−1, 1] ½ U = [0, 1] ½ `(x, u) = xy
f(x, u) = −xu ¶  txtzgiuvx}©Syt (H1) y (H2) |~hit~v~}twª·rs}hD1¶=d.ehiuvx}©g#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®Sh
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x > 0
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x ≤ 0 ¶°ÆS|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}t~h¶
¦ hesZth#Zz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v
v~ehB}yZvxt¾ªNv~eh=|~hDz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¸eh0|xh
δ = 0.01
½
∆x = 0.005
½
a = 1.5
y
c = 1
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L∞
¨Eh0|x|~S|
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½
Φ ≡ 0 ½ X = [−1, 1] ½ U = [−1, 1] ½
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|
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v ` 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u∗ = 1
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x < 0
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zhª·zy,vx}©Sy}tDÁ
v(x, t) = −3(1 − |x|)(1 − e−t)
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u|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½
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t~h¸eh0|xh
U = R
½
X = R
½
`(x, u) = −1
2
(x2 + u2), f(x, u) = u,
yb
φ ≡ 0 .
d.ehÅmgi}±vxy}y^}t
H(x, p) = −x22 +
p2
2
¶¹d.e}ti|~Sµ©hDg0y^µBhItS©«ShD yrZv~}0©r¶ Æ|
x ∈ X ½svxeh
«&zh¾ª·zyv~}yI&vvx}©gih t }t
v(x, t) = −1
2
tanh(t)x2.
d.eh*ug#}y
X
}tzysµBzybuhDyb
`
yb
f
|xh§zysµbSzyuh]y©uD©rÂ)}©bt~e}©v~²*0yZv~}yszzbt0¶
¦ h
¸}©K|xhDtv~|x},v
X
vxiv~eh*t~hv
[−5; 5] tv~ev ` y f t~v~}twª·r  txtzgiuvx}©Syt (H1) y (H2) ¶¦ hesSt~hZzu|&vx}¼¯y}±vxhh0h0gih0yZvt
wi
y
zj
ª1ÅhDtxt~}y
c = 1
½0h0yZv~hD|~h]=v/v~ehB}yZvxt/ª´v~eh
|xh0Sz||x}
(Z∆x) ∩ [−6, 6] ¶ ¦ h:|~hD|~h]thDyZv.}yWÆ6}©Sz|xh:=vxeh:t~zuv~}y}«hDyµZrz|m|x}©v~eg}yv~eh
}yZv~hD|~«&
[−1; 1] }yvxeh*0Sth§¸ehD|~h T = 5 ½ δ = 0.5 ½ ∆x = 0.05 y L = 1 ¶ ¦ h
Sµuvx}©y
L∞
¨ hD|~|x| ª
4.54 · 10−5 ¶I =K£ 
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/¦ h.ybt}uh0|v~eh.Dt~hN¸ehD|~h
T = 1
½
φ ≡ 0 ½ X = [−1, 1] ½
U = [−1, 1] ½
`(x, u) =
{
−1 if x ∈ (−1, 1),
0 if x ∈ {−1, 1},
y
f(x, u) =
{
u if x ∈ (−1, 1),
0 if x ∈ {−1, 1}.
Nzuvvx}©y
` = 0
y
f = 0
y
∂X
®hDh0tmv~ehiv~|&whDv~S|~}hDta}©y v~eh³g#}y
X
µzuv
¸¼hisSt~h:vxeh
Â)}©bt~e}©v~²
0yZv~}ysz}±vwrª
`
yb
f
¶°ÆS|
x ∈ X ½sv~eh
«&©zh¾ª·zyb,v~}yIvv~}g=h t ª6v~e}t|xµ©hDgº}t
v(x, t) = max(−t, |x| − 1).
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Æ6}©Sz|~h*Á°lW&s¨E©zbt |xQu}©g#&vx}©Syª6i}©yh]|Zz|xv~}¾0yZv~|x´|xµ©hDg S Ç/g=©h:JT
P¼Syt~}uhD|*¯|tv=Zz|xv~}=¯y}©v~hh0h0gih0yZvxt
wi
y
zj
ªaÅahDtxt}y
c
½°h0yZvxh0|xhD`v:v~ehB}ySvt:ª
vxeh:|xh0Sz||x}
(Z∆x) ∩
(
X + B∞(0,
L
c
)
) ¶¿­yÄÆ6}©Sz|~hu½b¸ h:|xh0|~h]thDySvvxeht~zuvx}©SyI}«h0yµsr
Sz|:©S|x}±vxeg}yVv~eh0t~hi¸eh0|xh
δ = 0.02
½
∆x = 0.01
½
c = 2
yb
L = 1
¶Ips}yh
ΠZ
∗
h
}t*
|~whD,vx|5yi§tzµthDgi}©giuuzhªBv~eh
Rmin
¨­thDgi}©giuuzh.ª
c
¨Et~h0gi}Sy0Q«Sh°ª·zyv~}ytD½Sy=t}yh
vxeh³t~zuv~}yV}t§yv
c
¨­t~h0gi}0yDQ«hª·|*yZr
c
½Kvxeh#h0|x|~S|§ª.|~whDv~}y ‖ΠZ∗h(vt) − vt‖∞ ushDtyvSyZ«Sh0|xhav~#²0hD|~=¸ehDy
∆x
SZh]t v~i²0hD|~b½u¸e}eh0s}©yt vxeh
g#Sy}±vxzuh
ª)v~eh
h0|x|~S|D¶
−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0
−1.0
−0.9
−0.8
−0.7
−0.6
−0.5
−0.4
−0.3
−0.2
−0.1
−0.0
 |~Qu}giv~h]t~zuv~}y
Ç/vatS©zuvx}©Sy
Æ}z|~h
Á  µbe}h§ªv~h]twvª·zyb,v~}ybt.ª·|.vxeh*u}twvy0h¾|~Sµ©hDg S Ç°ugi©h:Z3T
ÓÓ(Û3Vì,îíXW
Z   13 3 	 
 4"3
dt~«h
vxe}tm|~Sµ©hDg½b}©v§t~z! ³h]tvx|xh00h*v~eh*v~h]twv¾ª·zyv~}yt
zj
µsrvxehÂ)}©bt~e}©v~²:¯y}©v~h
hD©hDgih0yZvxt
¸}©v~e`0ytvxyZv
a ≥ 1 ½60h0yZv~hD|~h]<v
v~ehbS}©yZvxt:ª v~eh|~hDz|
S|~} (Z∆x) ∩ [−1, 1] ¶d.e}t¼}t¼}©ztv~|&v~h]#}yÆ6}©Sz|~h§§}y³v~ehm0Stha¸eh0|xh
δ = 0.02
½
∆x = 0.01
½
c = 2
yb
a = 1.1
¶ ¦ h
Sµuvx}©y
L∞
¨Eh0|x|~S|¼ª
1.05 · 10−2 ¶
−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0
−1.0
−0.9
−0.8
−0.7
−0.6
−0.5
−0.4
−0.3
−0.2
−0.1
−0.0
Æ}z|~h*sÁ  SZue}h¾ª6v~h]twvª·zy,vx}©Syt.ª·|.vxeh*u}twvy0h§|~Sµh0g S Ç/gih:S3T

   *%./(  %'   	
I =K£ 
B5  Ê .UO    , * Ê £u¢   £Ï)¢&£u¡%, ¤ / ¢ Î  Ê 
 , * ÏH, 
 Ê *  %, Î * . 
 °¦ h¼0yt~}uh0|)v~eh 0t~hN¸eh0|xh
U = R2
½
X = R2
½
φ ≡ 0 ½
`(x, u) = −x
2
1 + x
2
2
2
− u
2
1 + u
2
2
2
y
f(x, u) = u .
Æ|
x ∈ X ½svxeh
«&zh¾ª·zy,vx}©Sytv vx}©gih t }t
v(x, t) = −1
2
tanh(t)(x21 + x
2
2).
 t5}©yiÇ/g=©hau½&v~ehug#}y
X
}t5zysµbSzyuh]v~ehD|~h0ª·|xh
`
y
f
u
yv°t~v~}twª·r  txtzgiuvx}©Syt
(H1)
yb
(H2)
¶ ¦ h
¸}©K|xhDtv~|x},v.v~eh*g#}yvxiv~eh
t~hv
[−5; 5]2 ¶¦ hesZth³ZzSu|xv~}=¯y}©v~hh0h0gih0yZvxt
wi
yb
zj
ªÅahDtxt}y
c
0h0yZv~hD|~h]4&v*vxeh³B}yZvxt*ªv~eh
|xh0Sz|6|x} (
(Z∆x)∩ [−6, 6]
)2 ¶ ¦ h |xh0|~h]thDySv5}y=Æ6}z|xh av~ehtS©zuvx}©Sy:S}©«Sh0y:µsr
Sz|/|x}©v~eg
}yv~eh*Dt~hm¸eh0|xh
T = 5
½
δ = 0.5
½
∆x = 0.1
½
c = 1
¶/d.eh
L∞
¨Eh0|x|x|.}t
9 · 10−5 ¶
Ñ·Ò6ÓKÑÕÔ
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m¦ h*Syt}uhD|.v~eh*Dt~h¾¸eh0|xh
T = 1
½
φ ≡ 0 ½ X = [−1, 1]2 ½ U = [−1, 1]2 ½
`(x, u) =
{
−1 if x ∈ intX,
0 if x ∈ ∂X,
f(x, u) =
{
u if x ∈ intX,
0 if x ∈ ∂X.
Æ|
x ∈ X ½svxeh
«&zh¾ª·zy,vx}©SyI&vv~}gih t }t
v(x, t) = max
(
− t,max(|x1|, |x2|) − 1
)
.
¦ hesSt~hSzbu|&vx}N¯y}©v~hhD©hDg=hDyZvxt
wi
ª´ÅhDtxt~}y
c
hDySvxh0|xhD=&v5v~ehbS}©yZvxt5ªbvxeh.|~hDz|5S|~}
(
(Z∆x) ∩ [−3, 3]
)2 ybÄÂK}txe}©v~²¯y}©v~hih0h0gih0yZvt
zj
¸}©v~eVSytwvyZv
a
0h0yZv~hD|~h]Ä&v¾v~ehB}yZvxt
ª/v~eh=|xh0z||x} (
(Z∆x) ∩ [−1, 1]
)2 ¶ ¦ h:|xh0|~h]thDySvm}©y<Æ}z|~h:³v~ehit~zuv~}yIS}©«Sh0yWµsrz|
©S|x}±vxeg}yIvxehDt~h
¸eh0|xh
T = 1
½
δ = 0.05
½
∆x = 0.025
½
a = 3
yb
c = 1
¶d.eh
L∞
¨Eh0|x|~S|
}t.ª5|uhD|
0.05
¶
I =K£ 
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¾¦ h#0yt~}h0|§eh0|xhv~eh#lWQrSh0|¾|~Sµh0g¸ehD|~h
T = 1
½
X = B2(0, 1)
½
U = {0} ½ φ(x) = − 12x21− 32x22
½
`(x, u) = 0
y
f(x, u) = (−x2, x1)
¶6Æ|
x ∈ X ½
ÓÓ(Û3Vì,îíXW
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Æ6}z|xh
Á°lWZ¨Ezt|~Qu}g#&v~}yª6v~eh*u}tvxybh§|xµh0g S Ç/gih:JT
vxeh
«&zh¾ª·zyv~}yI&vvx}©gih
t
}t
v(x, t) = −1
2
(−x2sin(t) + x1cos(t))2 −
3
2
(x2cos(t) + x1sin(t))
2.
¦ h:esZth*ZzSu|xv~}m¯y}©v~h:hD©hDgih0yZvxt
wi
y
zj
ª°Åh]t~t~}yt
cw
yb
cz
|xhDt~bh],vx}©«Sh0r½b0h0yZv~hD|~h]
v.v~eh§B}ySvt.ªv~eh§|xh0z| S|~} (
(Z∆x) ∩ [−2, 2]
)2 ¶ ¦ h
|xh0|xhDt~h0yZv¼}yIÆ6}©Sz|~h=ÈD:v~eh*tS©zuvx}©Sy
S}©«Sh0yµZrz|©S|x}±vxegº}yvxeh*0Sth§¸ehD|~h
δ = ∆x = 0.05
½
cw = 4
y
cz = 3
¶5d.eh
L∞
¨Eh0|x|~S|
}t
0.046
¶
I =K£ 
B5  Ê - ' m¦ h*0yt~}uh0|.vxeh*0Sth¾¸eh0|xh
U = R
½
X = R2
½
φ(x) = −x21 − 2x22
½
`(x, u) = −x21 −
u2
2
y
f(x, u) = (x2, u)
T .
¦ h³esSt~hiSzbu|&vx}:¯y}©v~h#hD©hDg=hDyZvxt
wi
yb
zj
ª ÅahDtxt}y
cw
y
cz
|~h]tBhDv~}«hD©rÄ0h0yZv~hD|~h]
vvxehbS}©yZvtiªavxeh|x}t (
(Z∆x) ∩ [−2, 2]
)2 y (
(Z∆x) ∩ [−11, 11]
)2 |~h]tBhDv~}«h0r¶ ¦ h
|xh0|~h]thDySv5}yiÆ6}z|xh¾ÈÈ v~eht~zuvx}©SyS}©«Sh0y:µsrz|/S|~}©v~eg }©yv~eh0t~h.¸eh0|xh
T = 1
½
δ = 0.05
½
∆x = 0.025
½
cw = 10
y
cz = 1
¶¹d.eh
L∞
¨Eh0|x|~S|:}t
0.11
¶ S ¦ hWgi|~h]Vv~ehIgis¨ zt|xQu}©g#&vx}©Sy³¸}©v~ev~eh*t~zuvx}©Syªvxeh
|xµh0gºS}©«Sh0yµsr#v~eh*}D0&vx}1hDZzv~}yUT¶
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gihvxeuVyVhg=©h]t¾v~ev
ª·z©©¯Nvxeh³txt~zgiuv~}yt§ª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